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THE POHOZAEV-SCHOEN IDENTITY ON ASYMPTOTICALLY
EUCLIDEAN MANIFOLDS: CONSERVATION IDENTITIES AND
THEIR APPLICATIONS
R. AVALOS1 AND A. FREITAS2
Abstract. The aim of this paper is to present a version of the generalized
Pohozaev-Schoen identity in the context of asymptotically euclidean manifolds.
Since these kind of geometric identities have proven to be a very powerful
tool when analysing different geometric problems for compact manifolds, we
will present a variety of applications within this new context. Among these
applications, we will show some rigidity results for asymptotically euclidean
Ricci-solitons and Codazzi-solitons. Also, we will present an almost-Schur-type
inequality valid in this non-compact setting which does not need restrictions
on the Ricci curvature. Finally, we will show how some rigidity results related
with static potentials also follow from these type of conservation principles.
1. Introduction
The classical Pohozaev-Schoen identity [29] lies within a larger set of geometric
identities which rely on conservation principles arising from symmetries of specific
variational problems, as has been noted and explained in [16] (see also [3] for an-
other variant, in manifolds with boundary, of this useful identity). In this work, the
authors encapsulate several geometric identities which have had important impact
in geometric analysis within a single identity derived from such symmetry prin-
ciples. It is important to note that these type of geometric identities have been
established for compact manifolds. Taking into account how useful these conser-
vation principles have proved to be when analysing geometric problems, we intend
to present a version of the Pohozaev-Schoen identity established in [3] for asymp-
totically euclidean (AE) manifolds. These manifolds are complete non-compact
manifolds with a particular simple structure at infinity. In general relativity, for
example, we often need to consider initial data problems on non-compact manifolds,
with natural restrictions on the asymptotic geometry (see, for instance, [8],[23] and
references therein). The positive mass theorem and the Penrose inequality are ex-
ample of such situations (see [4],[19],[30],[31],[33]). In fact, geometric problems on
this scenario have received plenty of attention since these structures play a central
role in general relativity, serving as a model for initial data of isolated gravitational
systems. Thus, plenty of analytic tools have been developed in this scenario. In
this direction, our aim is to prove the validity of a version of the Pohozaev-Schoen
identity in this context, which is sufficiently powerful to be useful when analysing a
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wide variety of geometric problems on AE manifolds. Explicitly, we will prove the
following theorem.1
Theorem. Let (M, g) be a Hs,δ-asymptotically euclidean manifold, with s >
n
2 +1
and δ > −n2 . Also, let B be a symmetric (0, 2)-tensor field, satisfying divgB = 0,
and let X be a vector field on M . Suppose X ∈ C1 is bounded with ∇X ∈ L2.
Furthermore, suppose that X ∈ L2−(ρ+1) and B ∈ Hs+1,ρ, with ρ ≥ 0. Then, the
following equality holds:∫
M
〈
◦
B,£Xg〉µg = 2
n
∫
M
X(trgB)µg + 2
∫
∂M
◦
B(X, ν)µ∂M(1.1)
We will employ this version of the generalized Pohozaev-Schoen identity to anal-
yse different geometric problems, such as generalized solitons on AE manifolds.
These soliton-type equations arise as a generalization of Ricci almost solitons, as
proposed by Pigola et al. [28]. Also these type of equations were analysed in the
extrinsic context by Al´ıas et al. in [1]. During the analysis of these generalized
solitons, we will prove the following rigidity theorem.
Theorem. Let (Mn, g) be an asymptotically euclidean manifold without boundary,
n ≥ 3, where g satisfies the hypotheses of the above theorem, and suppose that the
tensor field B ∈ Hs+1,0, s > n2 , is g-divergence-free. Furthermore, let X ∈ Hs+2,−1
and trgB = 0. Then, under these assumptions, any B-generalized soliton is B-flat.
From this theorem, we will extract some interesting geometric consequences. For
instance, we will show that any AE Ricci almost soliton with zero scalar curvature
is trivial, i.e, is isometric to the euclidean flat space.
Another important result, where we will make use of the generalized Pohozaev-
Schoen identity, is the following almost-Schur theorem for AE manifolds (see in
Section 4 a review and motivation for this type of inequalities):
Theorem. Let (Mn, g) is an Hs+3,δ-asymptotically euclidean manifold without
boundary, with n ≥ 3, s > n2 , δ > −n2 and δ ≥ −2. Now, let B be a symmet-
ric (0, 2)-tensor field such that divgB = 0 and B ∈ Hs+1,ρ, with ρ > −n2 + 2,
furthermore, suppose that ρ ≥ 0, and denote its trace by b .= trgB. Then:
I) there is a constant C independent of the specific choice of such tensor B, such
that the following inequality holds
||b||L2 ≤ n
(
n− 1
n
+ C||Ricg||C02
) 1
2
||
◦
B||L2 ,(1.2)
II) If Ricg is non-negative, i.e, Ricg(X,X) ≥ 0 ∀ X ∈ Γ(TM), then
||b||L2 ≤
√
n(n− 1)||
◦
B||L2 .(1.3)
Notice that the hypotheses of the theorem split depending on whether n = 3, 4
or n ≥ 5. In the first case, the hypotheses on the weights δ and ρ are δ > −n2
and ρ > −n2 + 2, while, if n ≥ 5, we get δ ≥ −2 and ρ ≥ 0. One reason for
these seemingly odd behaviour is that we need, as an underlying hypotheses, both
Ricg and B in L
2. In dimensions 3 and 4 this behaviour of the Ricci tensor is
1See Section 2 for the precise definition of the functional spaces involved.
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guaranteed by the condition δ > −n2 . In contrast, for n ≥ 5, this is not the case,
and the condition δ ≥ −2 guarantees the desired asymptotic behaviour. The weight
ρ is subtlety tied to δ via the solutions of a PDE (see the proof of Theorem 4).
From this general result, we will extract as corollaries an almost-Schur inequality
for the scalar curvature, analogous to the one proved by De Lellis-Topping in [13];
for Q-curvature, analogous to [22], and for the mean curvature of AE-hypersurfaces
in Ricci-flat spaces, analogous to [6]. Some of these results, in the compact case,
where summarized and put together in [7].
Finally, we will analyse static potentials on AE manifolds. These structures have
recieved plenty of interest and some important results, together with applications,
can be consulted in J. Corvino’s influential paper [12]. Strong rigidity of these
structures has been observed as a consequence of integral geometric identities, for
instance, in [3] by Barbosa et al. and in [25] by Miao-Tam for compact and AE
manifolds respectively. In this context, we will show the validity of the following
result.
Theorem. Suppose that (Mn, g) is a Hs+3,δ-AE manifold with n ≥ 3, s > n2 and
δ > −1, which admits a non-negative static potential f . Furthermore, suppose that
Ricg ∈ Hs+1,ρ, for some ρ > n2 − 1, and that ∂M = f−1(0) consists of N -closed
connected components, labelled by {Σi}Ni=1. Then, it follows that∫
M
f |Ricg|2gµg =
1
2
N∑
i=i
ci
∫
Σi
Rhiµ∂M ,(1.4)
where the constants ci = |∇f |Σi . In particular, if ∂M = ∅, then (Mn, g) is isomet-
ric to (Rn, e), where e is the euclidean metric.
This theorem, in dimension three, was proved in [25]. We will show how their
result has a natural (although non-trivial) extension to general dimensions. Fur-
thermore, we will show how this result can be used to give very simple character-
izations for the admissible topologies for the event horizon of static black holes.
The characterization we will provide is not new, although it is derived using much
simpler techniques than the ones used to prove more general results, such as the
ones appearing in [15] and [18].
With the above in mind, the organization of the paper will be as follows. We will
first review some of the analytic tools needed for the core of the paper. Then, under
sufficient conditions, we will establish the validity of the Pohozaev-Schoen identity
on asymptotically euclidean manifolds. Finally, we will go into the applications,
where we will show how some rigidity results of generalized solitons can be derived as
a straightforward consequence of this identity. Furthermore, a generalized almost-
Schur-type inequality, in this non-compact setting, can also be obtained using these
tools. As our last application, we will show how some identities which are related
with rigidity of static potentials on asymptotically euclidean manifolds, also follow
directly from these principles.
2. AE Manifolds
In this section, the idea will be to present the main definitions and properties
of AE manifolds that we will use in the subsequent sections. The analysis of these
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structures has been developed along the years, including the seminal works [4], [5],
[9], [14], [23], [24]. We are following the classical notations and results established
in [9], where the detailed proofs can be consulted.
Definition 1. A n-dimensional smooth Riemannian manifold (M, e) is called eu-
clidean at infinity if there exits a compact set K such that M\K is the disjoint
union of a finite number of open sets Ui, such that each (Ui, e) is isometric to the
exterior of an open ball in the Euclidean space.
On manifolds euclidean at infinity, we define d = d(x, p) the distance in the
Riemannian metric e of an arbitrary point x to a fixed point p. We will typically
omit the dependence on (x, p).
Definition 2. A weighted Sobolev space Hs,δ, with s a nonnegative integer and
δ ∈ R, is a space of tensor fields u of some given type on the manifold (M, e)
Euclidean at infinity with generalized derivatives of order up to s in the metric e
such that Dmu(1+d2)
1
2 (m+δ) ∈ L2, for 0 ≤ m ≤ s. It is a Banach space with norm
||u||2Hs,δ
.
=
∑
0≤m≤s
∫
M
|Dmu|2e(1 + d2)(m+δ)dµe(2.1)
where D represents the e-covariant derivative and µe the Riemannian volume form
associated with e.
Remark 1. It is important to note that the space C∞0 (M,E) of compactly supported
tensor fields of some given type is dense in Hs,δ for all s ∈ N and δ ∈ R.
Definition 3. We will say that a Riemannian metric g on M is asymptotically
euclidean if g − e ∈ Hs,δ, s > n2 and δ > −n2 .
These weighted spaces share several properties of the usual Sobolev spaces. For
instance, we have the continuous embedding:
Lemma 1. Let (M, e) be a manifold euclidean at infinity. The following inclusion
holds and is continuous:
Hs,δ ⊂ Cs
′
δ′
if s′ < s− n/2 and δ′ < δ + n/2.
In the above lemma, the weighted-Ck spaces are equipped with the following
norm:
||u||Ck
β
.
= sup
x∈M
∑
0≤l≤k
|Dlu|e(1 + d2e)
1
2 (β+l).
Also, the following multiplication property is very useful to analyse the range of
differential operators acting between these weighted spaces.
Lemma 2. If (M, e) is an euclidean at infinity, then the following continuous
multiplication property holds
Hs1,δ1 ×Hs2,δ2 7→ Hs,δ,
(f1, f2) 7→ f1 ⊗ f2,
if s1, s2 ≥ s, s < s1 + s2 − n2 and δ < δ1 + δ2 + n2 .
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AE manifolds with boundary. The idea in this subsection is to extend to above
ideas to AE manifolds with boundary. We will consider (M, e) to be a manifold
euclidean at infinity, according to the definition presented above, but allowing that
within the compact region K we have a boundary. Then, we have a finite number
of end charts, say {Ui, ϕi}ki=1, with ϕ(Ui) ≃ Rn\B1(0), and a finite number of coor-
dinate charts covering the compact region K, say {Ui, ϕi}Ni=k+1. We can consider a
partition of unity {ηi}Ni=1 subordinate to the coordinate cover {Ui, ϕi}Ni=1, and let
Vi be equal to either R
n or Rn+, depending on whether Ui, i ≥ k+1, is an interior of
boundary chart respectively. Then, given a vector bundle E
pi−→ M , we can define
Hs,δ(M,E) to be the subset of Hs,loc(M,E) such that
||u||Hs,δ =
k∑
i=1
||ϕ−1i
∗
(ηiu)||Hs,δ(Rn) +
N∑
i=k+1
||ϕ−1i
∗
(ηiu)||Hs(Vi) <∞.(2.2)
It should be noted that Lemmas 1-2 remain true, since they hold for both com-
pact manifolds with boundary and for the asymptotic region.
We should now comment on the properties of the traces of fields in Hs,δ(M).
From the theory of Sobolev spaces on compact manifolds with boundary, we know
that if Ω is a compact smooth manifold with smooth boundary ∂Ω, then, for any
function u ∈ Hs(M), with s > 12 , we have a continuous trace map2
τ : Hs(Ω) 7→ Hs− 12 (∂Ω).
In the case that u is actually a section of a vector bundle E
pi−→ Ω, we get an
analogous result. To see this, notice that the use of boundary charts trivializing
E naturally gives us an induced vector bundle E˜ over ∂Ω with the same typical
fibre as E, whose vector bundle structure comes from the boundary coordinate
charts, which come from the coordinate systems of Ω adapted to the boundary that
trivialize E. Clearly, we can both extend the sections of E˜ to section of E, and,
vice versa, restrict sections of E to sections of E˜. Hence, we will drop the tilde from
E˜, and take this setting as implicit. Now, notice that the restriction of a section
of E to ∂Ω will produce a map τu : ∂Ω 7→ E. Furthermore, by localizing u in a
fashion analogous to what was done prior to introducing the norm (2.2), we get
that u ∈ Hs(Ω, E) iff given a partition of unity {αi} subordinate to a coordinate
cover {Ui, ϕi}, the localized fields αiu ∈ Hs(Ui, E). We can then use boundary
charts to trace these localized fields, and get, ∀ s > 12 , a continuous trace map 3
τ : Hs(Ω, E) 7→ Hs− 12 (∂Ω, E).
In the case of AE-manifolds, since the trace map only involves the compact core
K ⊂⊂M , from the above and a partition of unity argument, we get that, for s > 12 ,
we have continuous trace map a continuous trace map
τ : Hs,δ(M,E) 7→ Hs− 12 (∂M,E).(2.3)
Remark 2. In the subsequent sections, in the notation Hs,δ(M,E), whenever the
vector bundle is implicit from the context, we will simply write Hs,δ. The same will
be done with other functional spaces.
2Here we are appealing to Sobolev spaces defined for non-integer s ∈ R, which we regard as a
standard tool. See, for instance, [32] for the details.
3The interested reader can find the details on [27]
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Remark 3. We would like to point out that the definition of AE Riemannian
manifold provided in Definition 3 follows the same lines as the definition given in
[9]-[8] and [4], among others. In particular, the definition adopted by Bartnik in [4]
is related to ours by a simple shift in the weight parameter. Explicitly, δb = −(δ+ n2 ),
where δb is the weighting parameter used in the definition of the functional spaces
in [4]. Nevertheless, analogous definitions can be given without invoking weighted
Sobolev spaces. For instance, it is quite usual to define an AE metric on a manifold
euclidean at infinity by its behaviour in each end in coordinate systems. That is,
demanding g, near infinity, to satisfy a condition of the form
gij = δij + ok(|x|−τ ),(2.4)
where ok(|x|−τ ) implies that ∂lgij = o(|x|−τ−l) for all 1 ≤ l ≤ k and τ > 0. It
should be completely clear that the condition expressed in Definition 3 controls the
behaviour of g and its derivatives at infinity and implies that the metric satisfies a
conditions of the form of (2.4). Also, similar definitions could be given by means
of weighted Ck-spaces and Ho¨lder spaces. All of these definitions are very easily
related by means of embedding theorems and analysis of the behaviour of the field
at infinity, and the precise choice relies on the specific problems to be treated and
which of them seems to be more transparently tailored to deal with such problems.
3. Pohozaev-Schoen identity on AE manifolds
The idea now will be to try to deduce the integral identity in the context of AE
manifolds. We will consider that such manifolds M may have compact boundary
∂M as described in the previous section.
Theorem 1. Let (M, g) be a Hs,δ-asymptotically euclidean manifold, with s >
n
2+1
and δ > −n2 . Also, let B be a symmetric (0, 2)-tensor field, satisfying divgB = 0,
and let X be a vector field on M . Suppose X ∈ C1 is bounded with ∇X ∈ L2.
Furthermore, suppose that X ∈ L2−(ρ+1) and B ∈ Hs+1,ρ, with ρ ≥ 0. Then, the
following equality holds:
∫
M
〈
◦
B,£Xg〉µg = 2
n
∫
M
X(trgB)µg + 2
∫
∂M
◦
B(X, ν)µ∂M(3.1)
Proof. With a slight abuse of notation, making contact with standard notation for
differential forms, we will denote the contraction of B and X by iXB
.
= B(X, ·).
Now, if we consider B ∈ C∞0 and X satisfying the hypotheses described above, then
the following is standard:
1
2
∫
M
〈B,£Xg〉µg =
∫
M
divg(iXB)µg =
∫
∂M
B(X, ν)µ∂M ,(3.2)
where ν denotes the unit normal of ∂M . Now, consider {Bn}∞n=1 ⊂ C∞0 (M), such
that
Bn
Hs+1,ρ−−−−→ B.
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Then, we have the following:∣∣∣
∫
M
(〈B,£Xg〉 − 〈Bn,£Xg〉)µg
∣∣∣ ≤
∫
M
|〈B −Bn,£Xg〉|µg,
≤
∫
M
|B −Bn|g|£Xg|gµg,
≤ ||B −Bn||L2 ||£Xg||L2 −−−−→
n→∞
0,
where we have made use of the fact that, since ∇X ∈ L2, so does £Xg. All this
gives us
1
2
∫
M
〈B,£Xg〉µg = lim
n→∞
∫
∂M
Bn(X, ν)µ∂M .(3.3)
Now, a similar argument gives us∣∣∣
∫
∂M
(B −Bn)(X, ν)µ∂M
∣∣∣ .
∫
∂M
|B −Bn|g|X |gµ∂M
where we have used that, given two tensor fields A,B on M then the following
pointwise estimate holds |C(A ⊗ B)|g ≤ K(n, d1, d2)|A|g|B|g, where C denotes an
arbitrary contraction and K is a constant depending only on the dimension n ofM
and the dimensions d1 and d2 of the fibres. Notice that, since we have a continuous
trace τ : Hs+1,ρ(M) 7→ Hs(∂M), then τ(B−Bn) −−−−→
n→∞
0 in L2(∂M). Hence, from
the above, we get∣∣∣
∫
∂M
(B −Bn)(X, ν)µ∂M
∣∣∣ . ||B −Bn||L2(∂M)||X ||L2(∂M) −−−−→
n→∞
0
Putting this together with (3.3), we get
1
2
∫
M
〈B,£Xg〉µg =
∫
∂M
B(X, ν)µ∂M .(3.4)
Now, if we write B =
◦
B + 1
n
trgB g, where
◦
B is the traceless part of B, we get
the following
〈B,£Xg〉 = 〈
◦
B,£Xg〉+ 2
n
trgBdivgX.(3.5)
Notice that trgBdivgX = divg(trgBX)−X(trgB), which gives us that∫
M
trgBdivgXµg =
∫
∂M
trgB〈X, ν〉µ∂M −
∫
M
X(trgB)µg ∀ B ∈ C∞0 .
Doing as above and approximating B by compactly supported fields converging to
B in Hs+1,ρ, we get∣∣∣
∫
M
(trgBdivgX − trgBndivgX)µg
∣∣∣ ≤
∫
M
|trg(B −Bn)||divgX |µg,
.
∫
M
|B −Bn|g|∇X |gµg,
≤ ||B −Bn||L2 ||∇X ||L2 −−−−→
n→∞
0,
since, by hypothesis, ∇X ∈ L2(M). The above shows that∫
M
trgBdivgXµg = lim
n→∞
{∫
∂M
trgBn〈X, ν〉µ∂M −
∫
M
X(trgBn)µg
}
.(3.6)
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Furthermore, notice that∣∣∣
∫
M
X(trg(B −Bn))µg
∣∣∣ ≤
∫
M
|〈∇trg(B −Bn), X〉|µg,
.
∫
M
|∇(B −Bn)|g|X |gµg,
=
∫
M
|∇(B −Bn)|g(1 + d2e)
1
2 (ρ+1)(1 + d2e)
− 12 (ρ+1)|X |gµg, ,
≤ ||X ||L2
−(ρ+1)
||∇(B −Bn)||L2ρ+1 −−−−→n→∞ 0
Similarly, we also get that∣∣∣
∫
∂M
trg(B −Bn)〈X, ν〉µ∂M
∣∣∣ .
∫
∂M
|B −Bn|g|X |g,
≤ ||B −Bn||L2(∂M)||X ||L2(∂M) −−−−→
n→∞
0,
where we have again used the continuity of the trace map. All of the above, gives
us that ∫
M
trgBdivgXµg =
∫
∂M
trgB〈X, ν〉µ∂M −
∫
M
X(trgB)µg.(3.7)
Thus, integrating (3.5) and applying the above identity, we see that the following
holds∫
M
〈B,£Xg〉µg =
∫
M
〈
◦
B,£Xg〉µg + 2
n
∫
∂M
trgB〈X, ν〉µ∂M − 2
n
∫
M
X(trgB)µg.
Putting this together with (3.4), we get that the Pohozaev-Schone equality is valid
in the present context:∫
M
〈
◦
B,£Xg〉µg = 2
n
∫
M
X(trgB)µg + 2
∫
∂M
◦
B(X, ν)µ∂M(3.8)

4. Applications
Before going into the applications of the above identity, we would like to state
and give an independent proof of the following rigidity statement linked with AE-
manifolds. It should be stressed that similar statements, with slightly different
hypotheses, can be found in several papers, such as [20],[4],[21].
Theorem 2. Let (M, e) be a, n-dimensional manifold euclidean at infinity, with
n ≥ 3, and consider a Hs,δ-AE metric g, with s > n2 + 2 and δ > −n2 . Then, if g
Ricci-flat, it holds that (M, g) is isometric to Rn with its standard flat metric.
Proof. This proof will be carried out via a number of well-known results. First,
notice that under our hypotheses on g, its Ricci tensor can be written, on any
particular end, in harmonic coordinates giving us an expression of the form
Ricgij = −gab∂a∂bgij +Qij(g, ∂g),(4.1)
where Q(g, ∂g) is a quadratic polynomial in ∂g. Thus, in these coordinates, the
operator appearing in the right hand side of the above identity is an elliptic second
order operator acting on the metric component functions written in such coordi-
nates. Nevertheless, since the left-hand side is a tensor, we get that if Ricg ∈ L2τ , so
is the left hand side on any given coordinate system. Thus, via elliptic theory we
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can improve the decay of the metric. This can be achieved by appealing to Theorem
5.1 in [9] plus an inductive argument of the type of Lemma 3.6 in Appendix II of
[8]. In any case, the final result is that we can guarantee that g − e ∈ H2,τ−2, as
long as τ − 2 < n2 − 2. In particular, if g is Ricci-flat, then g − e ∈ H2,ρ ∩ C2 for
any ρ < n2 − 2. This implies that, near infinity, gij = δij + o2(|x|−(ρ+
n
2 )). Thus, we
get that
gij = δij + o2(|x|−ρ′ ), ∀ ρ′ < n− 2.
The above, plus Ricci-flatness, imply that the ADM mass of g is actually well-
defined, and, in particular, we are under the decay assumptions of Theorem 2.1 of
[26]. Hence, we can rewrite the ADM mass of g, say m(g), in terms of its Einstein
tensor at infinity. Thus, Ricci-flatness implies that m(g) = 0. From this condition
we get that (M, g) is isometric to (Rn, ·) via the well-known rigidity of the positive
mass theorem, which can be obtained in this setting via Proposition 10.2 in [20]. 
Generalized Solitons. In this section, we will consider B-generalzed solitons and
use the Pohozaev-Schoen identity (3.3) to obtain some rigidity results. To begin
with, we will consider an asymptotically euclidean manifold (M, g), a symmetric
tensor field B and a vector field X . Then, we say that X defines a B-generalized
soliton structure on the AE-manifold M if the following equation is satisfied
B +
1
2
£Xg = λg,(4.2)
for some function λ. Then, we have the following immediate lemma.
Theorem 3. Let (Mn, g) be an asymptotically euclidean manifold without bound-
ary, n ≥ 3, where g satisfies the hypotheses of Theorem 1, and suppose that the
tensor field B ∈ Hs+1,0, s > n2 , is g-divergence-free. Furthermore, let X ∈ Hs+2,−1
and trgB = 0. Then, under these assumptions, any B-generalized soliton is B-flat.
Proof. Under our working hypotheses, since Hs+2,−1 →֒ C1−1, we have both that
X ∈ H1,−1 ∩ C1. Thus, we know that the identity (3.3) holds. Hence, if trgB = 0,
we have that ∫
M
〈
◦
B,£Xg〉µg = 0.
Furthermore, since X satisfies (3), the following identities holds
〈
◦
B,£Xg〉 = 〈B,£X,confg〉,
= −1
2
〈£Xg,£X,confg〉,
= −1
2
〈£X,confg,£X,confg〉,
where in the first line we have introduced the conformal Killing Laplacian, defined
by £X,confg
.
= £Xg− 2ndivgXg, which defines a traceless tensor; in the second line
we used the soliton equation (3); and in the last line we used this traceless property
of the conformal Killing Laplacian. With the above, we see that (3) implies that∫
M
|£X,confg|2gµg = 0,
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which is equivalent to X ∈ Hs+1,−1 being a conformal Killing field of g. But it is
known that there are no non-trivial Killing fields with this asymptotic behaviour
[10]-[23], thus X = 0, and thus B-flat. 
From this theorem, we get the following corollaries.
Corollary 1. Consider an n-dimensional AE-Riemannian manifold (M, g) without
boundary, with g − e ∈ Hs+3,δ, with s > n2 and δ > −min{n2 , 2} and n ≥ 3. Then,
if Rg = 0, any Ricci almost soliton X ∈ Hs+2,δ+1 on (M, g) is isometric to (Rn, e),
with e the euclidean metric.
Proof. First, recall a Ricci almost soliton structure on a Riemannian manifold
(M, g) is given by a vector field X satisfying the equation
Ricg +
1
2
£Xg = λg,(4.3)
for some function λ. Notice that the above equation is equivalent to the G-
generalized soliton equation given by
Gg +
1
2
£Xg = (λ− 1
2
Rg)g.(4.4)
where Gg
.
= Ricg − 12Rgg stands for the Einstein tensor associated to the metric g.
Notice that under our hypotheses for g, we have that Gg ∈ Hs+1,0. Thus, from this
fact and the hypotheses on X , we are under the hypotheses of Theorem 3. Hence,
if trgGg =
2−n
2 Rg = 0, we have that Ricg = 0 as a consequence of the Theorem.
Thus, from Theorem 2, we get that (M, g) is isometric to (Rn, e).

Similarly, we can consider Codazzi-generalized solitons for some AE-hypersurface
(Mn, g) isometrically immersed in a Ricci-flat space (M˜n+1, g˜). In such a case,
from Codazzi’s equation, we know that the tensor π
.
= K − trgKg satisfies the
conservation equation
divgπ = 0,(4.5)
where K stands for the extrinsic curvature of the hypersurface M →֒ M˜ , which is
defined as K
.
= 〈II, n〉, where II stands for the second fundamental form associated
to the immersion, and n for the unit normal field. Now, we define a Codazzi-
generalized soliton structure on such an immersion as the choice of a vector field
X on M satisfying the following soliton-type equation
K +
1
2
£Xg = λg,(4.6)
for some function λ on M .
Corollary 2. Consider the setting described above, suppose that M does not have a
boundary, and suppose that (M, g,X) provides a Codazzi-generalized soliton struc-
ture in a Ricci-flat space. Furthermore, suppose that K ∈ Hs+1,0 and X ∈ Hs+2,−1.
Then, if M is a minimal or maximal hypersurface4, that is, trgK = 0, then (M, g)
is a totally geodesic scalar-flat hypersurface. In particular, if the ambient space is
actually flat, then (M, g) is isometric to (Rn, e), with e the euclidean metric.
4We are enabling g˜ to be either Riemannian or Lorentzian.
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Proof. Since our ambient manifold is Ricci-flat, we know that the Codazzi equation
for hypersurfaces implies that (4.5) holds. Furthermore, the hypothesis of trgK = 0
implies that π = K, and thus K is a conserved symmetric tensor, which satisfies
all the hypotheses demanded for the tensor field B in Theorem 1. Furthermore,
following the same arguments as in the previous corollary, we have that X also
satisfies all the hypotheses imposed in Theorem 1. Thus, using Theorem 3, we
immediately get that M →֒ M˜ is totally geodesic. Now, notice that the Gauss
equation can be written en the following way. Given X,Y, Z,W ∈ Γ(TM), we have
that
g˜(R˜(X,Y )Z,W ) = g(R(X,Y )Z,W ) + ǫ
(
K(X,Z)K(Y,W )−K(Y, Z)K(X,W )),
(4.7)
where ǫ = g˜(n, n) = ±1, depending on whether the normal direction is space-like or
time-like. Now, we have just shown that M is totally geodesic, thus K = 0. Thus,
consider an orthonormal frame {Eα}nα=0, where E0 = n and thus Ei is tangent to
M ∀ i = 1, · · · , n, so that we can write
Ricg(X,Y ) =
n∑
i=1
g˜(R˜(Ei, Y )Z,Ei),
= Ricg˜(X,Y )− ǫg˜(R˜(n, Y )Z, n),
= −ǫg˜(R˜(n, Y )Z, n),
where in the third line we have used the hypotheses that g˜ is Ricci-flat. From this,
we get
Rg = −ǫ
n∑
j=1
g˜(R˜(n,Ej)Ej , n) = −ǫ
n∑
j=1
g˜(R˜(Ej , n)n,Ej) = −ǫRicg˜(n, n) = 0,
which proves that (M, g) is scalar-flat. Finally, since K = 0, it is a trivial conse-
quence of (4.7) that if Riemg˜ = 0, then Riemg = 0 and thus (M
n, g) is isometric to
(Rn, e).

Remark 4. In order to gain some insight about the kind of geometric picture that
a Codazzi-soliton represents, it is an interesting observation to note that, following
closely Al´ıas-Lira-Rigoli [1], we can understand (4.6) following the kind of definition
provided in [1] for mean curvature flow solitons. That is, if, given an immersion
ψ : Mn 7→ M˜n+1, we say it defines a Codazzi-soliton with respect to a conformal
Killing field X ∈ Γ(TM˜) if it satisfies
X⊥ = −n,
along ψ, where X⊥ denotes the orthogonal component of X to ψ(M) and n denotes
the unit normal of ψ(M). Then, following the same line of argument presented
in [1], equation (4.6) is an equation that any Codazzi-soliton must satisfy. Thus,
in this sense, Codazzi solitons stand in perfect analogy with interesting soliton-like
equations related to interesting geometric flows.
Remark 5. Taking into account the above remark and corollary, it is also in-
teresting to note that, in the case of manifolds euclidean at infinity, admitting a
scalar-flat metric is not a trivial statement. This can be viewed as a consequence of
some important results, concerning for instance the Yamabe classification for AE
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manifolds [14] and topological obstructions related with the positive mass theorem
[31]. More explicitly, using the Yamabe classification provided in [14], we know
that AE manifolds produced by removing points from closed manifolds which do not
admit Yamabe positive metric do not carry any metric of zero scalar curvature. Us-
ing the results established in [31], it is possible to produce a wide variety of closed
manifolds which do not admit a Yamabe positive metric. For instance, their main
claim is that manifolds of the form Mn#T n, with Mn closed, lie in this category.
Now, all this implies that AE manifolds obtained by removal of a finite number of
points from such closed manifolds do not admit any Codazzi-soliton structure in
any Ricci-flat space.
Similarly to what we have done above, we could easily define new soliton-type
equation related with other conserved second rank tensor fields, which we could
relate to other generalized geometric flows.
Generalized Almost-Schur type inequality. The classical Schur’s lemma says
that every connected Einstein manifold of dimension n ≥ 3 has constant scalar
curvature. In [13], De Lellis and Topping studied a quantitative version of the
classical Schur Lemma, that allows to infer that, if a closed Riemannian manifold
is close to being Einstein in the L2 sense, then its scalar curvature is close to a
constant in L2. In this scope, they proved the so called “Almost Schur Lemma”
that claims if (Mn, g) is a closed Riemannian manifold of dimension n ≥ 3, with
nonnegative Ricci curvature, then
∫
M
(R− R¯)2µg ≤ 4n(n− 1)
(n− 2)2
∫
M
∣∣∣∣Ric− Rn g
∣∣∣∣
2
µg,
where we denote R¯ = 1
V olM
∫
M
Rµg. Furthermore, the equality occurs if, and only
if, M is an Einstein manifold.
We observe that a central step in the proof is the following integral identity (see
[13])
−
∫
M
〈dR, df〉µg = 2n
n− 2
∫
M
〈
◦
Ric,D2f〉,
where f is a solution of a PDE. In fact, this integral formula is the Pohozaˇev-Scho¨en
identity, if X = ∇f and ∂M = ∅. In fact, this idea can be used to obtain these
type of inequalities for more general tensors and under others suitable conditions on
the Ricci curvature ([2],[6],[7]). The idea of this section is to generalize these type
of inequalities obtained in [13] to non-compact manifolds in our case of interest.
Thus, suppose that (Mn, g) is an Hs+3,δ-asymptotically euclidean manifold, with
n ≥ 3, δ > −n2 , δ ≥ −2 and s > n2 . Recall from [9] that ∆g : Hs+2,δ0 7→ Hs,δ0+2
is an isomorphism for −n2 < δ0 < n2 − 2. It will be an interesting observation to
note that this is not true for closed manifolds, where what we have is that the
operators of the form ∆g − a : Hs+2 7→ Hs with a > 0 and a ∈ Hs have this
isomorphism property. This difference can be traced back to the fact that on closed
manifolds constant functions are in the Kernel of ∆g, while on AE-manifolds we
have a Poincare´ inequality [4]-[14], which guarantees that ∆g has the isomorphism
property. In fact, a stronger statement that can be made. That is, given a Hs+1,δ-
AE metric, with s > n2 and δ > −n2 , then the Laplacian operator associated the
g, that is ∆g, is injective on H2,ρ for any ρ > −n2 . This result is a consequence
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of Corallary 4.3 presented in Appendix 2 of [8] and an application of the Sobolev
embedding theorems. These points are key features that will allow us to produce
an almost-Schur-type inequality without any restrictions on the Ricci-curvature. It
is known that, for n ≥ 5, being bounded from below is a necessary condition in the
case of closed manifolds [13].
Theorem 4. Let (Mn, g) is an Hs+3,δ-asymptotically euclidean manifold without
boundary, with n ≥ 3, s > n2 , δ > −n2 and δ ≥ −2. Now, let B be a symmetric
(0, 2)-tensor field satisfying the hypotheses of Theorem 1, that is, divgB = 0 and
B ∈ Hs+1,ρ, with ρ ≥ 0, furthermore, suppose that ρ > −n2 +2, and denote its trace
by b
.
= trgB. Then:
I) there is a constant C independent of the specific choice of such tensor B, such
that the following inequality holds
||b||L2 ≤ n
(
n− 1
n
+ C||Ricg||C02
) 1
2
||
◦
B||L2 ,(4.8)
II) If Ricg is non-negative, i.e, Ricg(X,X) ≥ 0 ∀ X ∈ Γ(TM), then
||b||L2 ≤
√
n(n− 1)||
◦
B||L2 .(4.9)
Proof. Under the above hypotheses, since δ > −n2 , we have that b ∈ Hs+1,ρ. Now,
assume that ρ < n2 . If actually ρ ≥ n2 , then we would have a continuous embedding
Hs+1,ρ →֒ Hs+1,σ, for any σ < n2 . Thus, this assumption posses no actual restric-
tions, and from now on, so as to avoid introducing one further weighting parameter,
we will assume it. Also, from the hypotheses bounding ρ from below, we have that
−n2 + 2 < ρ < n2 , for n = 3, 4; and 0 ≤ ρ < n2 , for n ≥ 5. Notice that these
conditions can always be satisfied, and that, as stated before, we are not posing
any further restrictions.
Now, consider ∆g : Hs+3,ρ−2 7→ Hs+1,ρ, and consider the equation
∆gf = b.(4.10)
Since −n2 < ρ − 2 < n2 − 2 for any n ≥ 3, then, from the discussion preceding
the theorem, we know that there is a solution f ∈ Hs+3,ρ−2. Hence, we get the
following: ∫
M
b2µg =
∫
M
b∆gfµg,
= −
∫
M
∇f(b)µg +
∫
M
divg(b∇f)µg.
(4.11)
Now, to see that the last term actually does not produce any contribution, the
procedure is standard: Consider sequences {bn} ⊂ C∞0 of compactly supported
functions converging to b inHs+1,ρ and {∇fn} ⊂ C∞0 converging to∇f inHs+2,ρ−1.
Then, consider the difference
∣∣∣
∫
M
{divg(b∇f)− divg(bn∇fn)}µg
∣∣∣ ≤
∫
M
|divg(b(∇f −∇fn)|µg
+
∫
M
|divg((b − bn)∇fn)|µg.
(4.12)
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We also have that divg(b(∇f −∇fn)) = 〈∇b,∇f −∇fn〉+ bdivg(∇f −∇fn), which
gives point wise estimates of the form:
|divg(b(∇f −∇fn))| . |∇f −∇fn|g|∇b|g + |b||∇(∇f −∇fn)|g.
Notice that, since ρ ≥ 0, then Hs+3,ρ−1 →֒ L2−1 and Hs,ρ+1 →֒ L21. Thus, after
integration, we get the following estimate:∫
M
|divg(b(∇f −∇fn)|µg . ||∇f −∇fn||L2
−1
||∇b||L21
+ ||b||L2|||∇(∇f −∇fn)||L2 −−−−→
n→∞
0.
A similar argument can be applied to the second term in the right-hand side of
(4.12), showing that∫
M
divg(b∇f)µg = lim
n→∞
∫
M
divg(bn∇fn)µg = 0.
Thus, going back to (4.11), we get the following:∫
M
b2µg = −
∫
M
∇f(b)µg,
= −n
2
∫
M
〈
◦
B,£∇fg〉µg,
= −n
∫
M
〈
◦
B,∇2f〉µg,
= −n
∫
M
〈
◦
B,∇2f − 1
n
g∆gf〉µg
(4.13)
where in the second line we have used (3.1). Clearly, since the left hand side is
non-negative, then we have that
0 ≤ −n
∫
M
〈
◦
B,∇2f − 1
n
g∆gf〉µg = n
∣∣∣
∫
M
〈
◦
B,∇2f − 1
n
g∆gf〉µg
∣∣∣,
≤ n
∫
M
|
◦
B|g|∇2f − 1
n
g∆gf |gµg,
≤ n||
◦
B||L2 ||∇2f − 1
n
g∆gf ||L2 .
(4.14)
Notice that due to the choice of our functional spaces the right-hand side is well-
defined, since both |
◦
B|g, |∇2f |g ∈ L2. Also, since Hs+3,ρ−2 ⊂ C3, we get the usual
Ricci identity
Ricguj∇uf = ∇i∇j∇if −∇j(∆gf),
which implies
Ricg(∇f,∇f) = 〈∇f, divg
(∇2f)〉g − 〈∇f,∇(∆gf)〉g.(4.15)
Since ∇f ∈ Hs+2,ρ−1 and Ricg ∈ Hs+1,δ+2, with δ > −n2 and ρ ≥ 0, then
Ricg(∇f,∇f) ∈ Hs+1,σ for any σ < δ + ρ + n2 , which implies Ricg(∇f,∇f) ∈ L2.
Furthermore, since ∇2f ∈ Hs+1,ρ, then both ∇3f and ∇(∆gf) lie in Hs,ρ+1 →֒ L21.
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Thus, since ∇f ∈ L2−1, then, both terms in the right hand side of (4.15) are actually
in L1, since∣∣∣
∫
M
〈∇f, divg∇2f〉gµg
∣∣∣ ≤
∫
M
|∇f ||divg∇2f |µg . ||∇f ||L2
−1
||∇3f ||L21 <∞,∣∣∣
∫
M
〈∇f,∇(∆gf)〉gµg
∣∣∣ . ||∇f ||L2
−1
||∇(∆gf)||L21 <∞.
This implies that we can integrate (4.15) overM . Then, we can integrate by parts,
so as to get∫
M
〈∇f, divg∇2f〉gµg = −
∫
M
|∇2f |2gµg +
∫
M
divg
(
i∇f∇2f
)
µg.
Notice that from the above estimates, approximating f in Hs+3,ρ−2 by {fn}∞n=1 ⊂
C∞0 , we get that∣∣∣
∫
M
(〈∇f, divg∇2f〉g − 〈∇fn, divg∇2fn〉g)µg
∣∣∣ . ||∇(f − fn)||L2
−1
||∇3f ||L21
+ ||∇fn||L2
−1
||∇3(f − fn)||L21 −−−−→n→∞ 0,
which implies that∫
M
〈∇f, divg∇2f〉gµg = − lim
n→∞
∫
M
|∇2fn|2gµg = −
∫
M
|∇2f |2gµg,
where the last equality comes from the same kind of approximation argument, plus
the fact that ∇2f ∈ L2. Following the lines as described above, we also get that∫
M
〈∇f,∇(∆gf)〉gµg = − lim
n→∞
∫
M
|∆gfn|2µg = −
∫
M
|∆gf |2µg.
Thus, finally, we get that the following expression, familiar for compact manifolds,
holds under our hypotheses∫
M
Ricg(∇f,∇f)µg =
∫
M
|∆gf |2µg −
∫
M
|∇2f |2gµg.(4.16)
Noticing that |∇2f − 1
n
g∆gf |2g = |∇2f |2g − 1n |∆gf |2, we get
||∇2f − 1
n
g∆gf ||2L2 = ||∇2f ||2L2 −
1
n
||∆gf ||2L2
=
n− 1
n
||∆gf ||2L2 −
∫
M
Ricg(∇f,∇f)µg.
Thus, notice that, parallel to what happens in the compact scenario, if Ricg is non-
negative, then we can get an estimate of the L2-norm of ∇2f − 1
n
g∆gf in terms
of the L2 norm of ∆gf . Doing this, we can prove the second statement in the
Lemma. That is, if Ricg is non-negative, then putting the above identity together
with (4.13)-(4.14), we get
||b||2L2 ≤
√
n(n− 1)||
◦
B||L2 ||b||L2 .(4.17)
Nevertheless, we can actually get rid of this limitation on the Ricci tensor with
the following argument. Notice that, from the point wise continuity of contractions,
we get ∣∣∣
∫
M
Ricg(∇f,∇f)µg
∣∣∣ .
∫
M
|Ricg|g|∇f |2gµg.
16 R. AVALOS AND A. FREITAS
Also, since Ricg ∈ Hs+1,δ+2, with s > n2 and δ > −n2 , then Hs+1,δ+2 →֒ C02 , where
||Ricg||C02 = sup
M
|Ricg|g(1 + d2e),
thus, we get
∣∣∣
∫
M
Ricg(∇f,∇f)µg
∣∣∣ . ||Ricg||C02
∫
M
|∇f |2g(1 + d2)−1µg
= ||Ricg||C02
∫
M
|∇f |2g(1 + d2)ρ−1(1 + d2)−ρµg
≤ ||Ricg||C02 ||∇f ||2L2ρ−1 .
Notice, again, that since f ∈ Hs+3,ρ−2, with ρ ≥ 0, then ∇f ∈ L2ρ−1. Thus, the
above expression is well-defined. We then get the following estimate, where Cn
stands for some constant depending only on n,
||∇2f − 1
n
g∆gf ||2L2 ≤
n− 1
n
||∆gf ||2L2 + Cn||Ricg||C02 ||∇f ||2L2ρ−1 ,
≤ n− 1
n
||∆gf ||2L2 + Cn||Ricg||C02 ||f ||2H2,ρ−2
Now, notice that ρ − 2 > −n2 , and since ∆g : H2,ρ−2 7→ H0,ρ is injective for
ρ− 2 > −n2 , we have the following elliptic estimate (see [9]):
||f ||H2,ρ−2 ≤ C||∆gf ||H0,ρ ≤ C||b||L2 ,
for some constant C, which does not depend on the particular f ∈ H2,ρ−2, where
the last inequality is a consequence of the embedding L2ρ ⊂ L2 for ρ ≥ 0. This
implies that
||∇2f − 1
n
g∆gf ||L2 ≤
(
n− 1
n
+ C||Ricg||C02
) 1
2
||b||L2 ,
For some other constant C. Putting this together with (4.13)-(4.14), we get
||b||2L2 ≤ n
(
n− 1
n
+ C||Ricg||C02
) 1
2
||
◦
B||L2 ||b||L2 ,

Corollary 3. Under the same hypotheses of the previous lemma, if n ≥ 5, then
(4.9) can be simplified by the following estimate
||b||2L2 ≤ nCg||
◦
B||L2 ,(4.18)
where the constant Cg is the best constant satisfying the elliptic estimate ||h||H2,−2 ≤
Cg||∆gh|| for all h ∈ H2,−2.
Proof. Under these assumptions we can look at b ∈ Hs+1,0, and consider the map
∆g : Hs+3,−2 7→ Hs+1,0, which will give us a solution f ∈ Hs+3,−2 to (4.10). Then,
from (4.13)-(4.14), we can actually deduce that
||b||2L2 ≤ n||
◦
B||L2 ||∇2f ||L2 .
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Thus, since ||∇2f ||L2 ≤ ||∇2f ||H2,−2 , and, again, for n ≥ 5 we have that ∆g is
injective on H2,−2, we get the elliptic estimate ||∇2f ||H2,−2 ≤ Cg||b||L2 . In this
case, we would directly get
||b||2L2 ≤ nCg||
◦
B||L2 ||b||L2 ,(4.19)
which is a simpler estimate than the one presented in the main proof. 
From this general theorem, we get a version of the usual almost-Schur inequality
for the scalar-curvature [13]-[2] in the context of AE manifolds. In our case, we are
able to state such inequality without restriction on the Ricci tensor, but we do not
provide an explicit value for the constant C.
Corollary 4. Let (Mn, g0) is an Hs+3,δ-asymptotically euclidean manifold without
boundary, with n ≥ 3, δ > −n2 and δ ≥ −2 and s > n2 . Then, there is a constant
C, such that for any Hs+3,δ-AE metric g on M the following inequality holds
||Rg||L2 ≤ C||
◦
Ricg||L2(4.20)
Proof. Notice that since g is Hs+3,δ-AE, with δ > −n2 and δ ≥ −2, then we have
Ricg, Rg ∈ Hs+1,ρ, for ρ > −n2 + 2 and ρ ≥ 0, which also implies Gg ∈ Hs+1,ρ
for the same ρ. Hence, since divgGg = 0, we get as an immediate corollary of the
above Lemma that
||Rg||L2 ≤ C||
◦
Gg||L2 .
Finally, since
◦
Gg =
◦
Ricg our claim holds. 
Clearly, the following also holds as a direct consequence of the above Lemma.
Corollary 5. Let (Mn, g) is an Hs+3,δ-asymptotically euclidean manifold without
boundary, with n ≥ 3, δ > −n2 , δ ≥ −2 and s > n2 . Suppose that there is an
isometric immersion (Mn, g) →֒ (M˜n, g˜) into a Ricci-flat space, i.e, Ricg˜ = 0.
Then, if the extrinsic curvature K ∈ Hs+1,ρ for ρ > −n2 + 2 and ρ ≥ 0, then, there
is a constant C, independent of the immersion, such that
||τ ||L2 ≤ C||
◦
K||L2 ,(4.21)
where τ
.
= trgK.
Proof. As we have already commented, under our hypotheses, we have that the
Codazzi equation for hypersurfaces guarantees that the tensor π = K−τg ∈ Hs+1,0
and satisfies divgπ = 0. Furthermore, we have that
◦
π =
◦
K. Thus (4.8) proves
(4.21). 
Finally, we will present an almost-Schur-type inequality for Q-curvature on AE-
manifolds. Following [13]-[2], it has been shown in [22] that such an inequality holds
in the context of closed manifolds. It should be stress that problems related with
Q-curvature have gained plenty of attention, see [17] for a survey. Before presenting
this result, we should introduce some definitions. First of all, given a Riemannian
manifold (Mn, g), with n ≥ 3, we will define its Q-curvature in the following way
Qg
.
= An∆gRg +Bn|Ricg|2g + CnR2g,(4.22)
where An = − 12(n−1) , Bn = − 2(n−2)2 and Cn = n
2(n−4)+16(n−1)
8(n−1)2(n−2)2 .
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Now, following [22], we will explain how we can canonically associate to Q-
curvature a divergence-free (0, 2)-symmetric tensor field. Notice that we can view
Q-curvature as a map on the set of Riemannian metrics on a given manifold M ,
given by
Q : Riemk(M) 7→ Ck−4(M),
g 7→ Qg,
where Riemk(M) denotes the set of Ck Riemannian metrics on M and we are
considering k ≥ 4. Then, we can analyse its linearisation Lg .= DgQ : S2M 7→
Ck−4(M) which is given by an operator acting on the space of Ck-symmetric tensor
fields on M . Let L∗g be its formal adjoint operator, which acts on functions on M
and produces a symmetric tensor-field onM . Now, consider any point p ∈M and a
bounded neighbourhood U of p. Furthermore, let V ⊂ U be another neighbourhood
of p. Let f ∈ C∞0 (U) and X be a compactly supported smooth vector field on U .
Then, we have that∫
U
〈X, divg(L∗gf)〉µg = −
1
2
∫
U
〈£Xg, L∗gf〉µg = −
1
2
∫
U
fLg(£Xg)µg.
Now, let ψt be the flow associated to the vector field X , then, we have that
X(Qg) =
d
dt
ψ∗t (Qg)|t=0 =
d
dt
Qψ∗t g|t=0 = Dψ∗t gQ ·
d
dt
ψ∗t g|t=0 = DgQ ·£Xg = Lg(£Xg),
thus, we have that ∫
U
〈divg(L∗gf), X〉µg = −
1
2
∫
U
〈fdQg, X〉µg,
which implies that divg(L
∗
gf) +
1
2fdQg = 0 ∀ f ∈ C∞0 (U). In particular, if we
consider f |V ≡ 1, then we get that, in a neighbourhood of p, it holds that
divg(L
∗
g1) +
1
2
dQg = divg
(
L∗g1 +
1
2
Qgg
)
= 0.
In particular, this means that if we define the tensor field Jg
.
= − 12L∗g1 then,
BJ
.
= Jg− 14Qgg is a conserved (0, 2)-symmetric tensor field. The explicit expression
for such tensor field is given in terms of the Q-curvature, the Bach tensor and the
Schoutten tensor, and, as a map on the metric, is a fourth order operator. Explicitly,
it can be written as follows [22].
Jg =
1
n
Qgg − 1
n− 2Bg −
n− 4
4(n− 1)(n− 2)Tg,
Bgjk
.
= ∇iCgijk +WgijklSilg ,
Cgijk
.
= ∇iSgjk −∇jSgik,
Sg
.
=
1
n− 2(Ricg −
1
2(n− 1)Rgg),
Wg
.
= Riemg − 1
n− 2
◦
Ric ? g − Rg
2n(n− 1)g ? g,
h? k(X,Y, Z, V )
.
= h(X,Z)k(Y,W ) + h(Y, V )k(X,Z)− h(X,V )k(Y, Z)− h(Y, Z)k(X,V ),
Tg
.
= (n− 2)(∇2trgSg − g
n
∆gtrgSg) + 4(n− 1)(S × S − 1
n
|Sg|2gg)− ntrgSg
◦
Sg,
(S × S)jk .= SijSik,
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where in the above we have defined several useful tensor and operations, namely, the
Bach tensor Bg; the Cotton tensor Cg; the Schouten tensor Sg; the Weyl curvature
tensor Wg, which uses the ?-operator, which for two (0, 2)-tensor fields h and k
produces a (0, 4)-tensor field. Since the Bach tensor is known to be traceless, and
from the above expressions we have that trgTg = 0, then trgJg = Qg. Taking into
consideration all this notation, we are now in a position to present the following
result, whose proof runs in complete analogy to the previous ones.
Corollary 6. Let (Mn, g0) is an Hs+3,δ0-asymptotically euclidean manifold without
boundary, with n ≥ 3, δ > −n2 , δ0 ≥ −2 and s > n2 . Then, there is a constant
C, such that for any Hs+5,δ-AE metric g, with δ > −min{n2 + 2, 4}, the following
inequality holds
||Qg||L2 ≤ C||
◦
Jg||L2(4.23)
Proof. We basically only need to show that Jg and Qg satisfy the hypotheses of
Lemma 4. Since g is Hs+5,δ-AE with δ > −n2 , then from the continuous multipli-
cation property and the fact that Riemg,Ricg ∈ Hs+3,δ+2, we have that Wg, Sg ∈
Hs+3,δ+2. Thus, since contractions define continuous operations on tensor fields,
the multiplication property gives us that the contracted tensor Wg ·S
.
= WgijklS
il
is in Hs+3,δ+4. Also, we get that Cg ∈ Hs+2,δ+3, which, together with Wg ·S ∈
Hs+3,δ+4, gives us Bg ∈ Hs+1,δ+4. Similarly, we have that ∆gRg ∈ Hs+1,δ+4 and
R2g, |Ricg|2g ∈ Hs+3,δ+4, which gives us that Qg ∈ Hs+1,δ+4. Finally, the fact that
S ∈ Hs+3,δ+2 and the multiplication property give us that T ∈ Hs+1,δ+4. All
this implies that Qg, Jg ∈ Hs+1,δ+4, where ρ = δ + 4 ≥ 0 and ρ > −n2 + 2, since
δ > −min{n2 + 2, 4}. Thus, we are under the hypotheses of Lemma 4, and the
result follows. 
Finally, it is worth noticing that Lemma 4 has been stated in a quite general form,
that, as shown above, can be adapted to analyse different versions of almost-Schur
type inequalities for different interesting geometric tensors related to conserved
quantities. Obviously, we cannot exhaust all the examples here, but, surely, there
are other rather obvious candidates for such examples, such us Lovelock curvatures,
which have been in the center of plenty of resent research in geometric analysis.
Static potentials. Recall that a Riemannian metric g on a manifold M is called
static if the linearised scalar curvature map has nontrivial cokernel. This is equiv-
alent to stating that the equation
−g(∆gf) +∇2f − fRicg = 0(4.24)
admits some nontrivial solution f . Such solution is referred to as a static potential.
It has been shown in [12] that any C3-static metric must have constant scalar
curvature, which implies that any C3-asymptotically-flat static metrics must have
zero scalar curvature. This means that a static potential of an asymptotically flat
static metric must satisfy the system5
∇2f = fRicg,
∆gf = 0.
(4.25)
5Notice that this means that no static potential can exist in Hs,δ for δ > −
n
2
, since ∆g is
injective in this case.
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Positive static potentials are an interesting object of study, since they are in-
timately related with vacuum space-time solutions of the Einstein equations, as
was shown in [12]. In fact, there it is shown that a Riemannian manifold (Mn, g)
admits a static potential iff the warped product metric g˜ = −f2dt⊗ dt+ g is Ein-
stein. Thus, in the case of (M, g) being an AE manifold, since R(g) = 0, then g˜
must actually be Ricci-flat. Thus, we get a correspondence between static vacuum
solutions of the space-time Einstein equations with static Riemannian manifolds.
Furthermore, in [12] it is also shown that the zero level set of a static potential (in
case it exists), is given by a regular totally geodesic hypersurface in M . Notice that
in case f−1(0) 6= ∅, then, the space-time metric g˜ will actually degenerate on such
set, possibly signalling the existence of some pathology of the space-time structure.
In fact, since the scalar curvature of a static Riemannian metric is zero, then it
is trivially a solution of the time-symmetric vacuum Einstein constraint equations,
which under evolution generate the static space-time. In this scenario, the hyper-
surface f−1(0) defines an apparent horizon in the initial data. Such structures are
related with the formation of black holes under the space-time evolution. For some
details concerning these ideas, see, for instance, [23]-[12]-[11] and references therein.
Taking into account the above ideas, it is not surprissing that static potentials
in the context of AE manifolds have atractted quite a lot of attention, and some
strong rigidity has been observed for instance in [25] for the 3-dimensional case.
In this section, we intend to show how some higher-dimensional analogues of their
results follow naturally from the Pohozaev-Schoen identity (3.1), plus some mild
hypotheses on f . Before going to the main statements, we make explicit the fact
that throughout this section, when we consider static AE manifolds with boundary,
we will consider that ∂M = f−1(0), this being motivated by the above discussion.
That this, we have a model in mind where the boundary components would signal
the existence of apparent horizons in time-symmetric vacuum initial data sets for
the Einstein equations, which, under evolution, should evolve into black hole static
space-times. The following lemma, which can be derived using some results that
can be found [25], is presented within our current notations and conventions. We
include the proof for sake of completeness.
Lemma 3. Suppose that f is a static potential of an Hs+3,δ-asymptotically eu-
clidean metric g, with s > n2 , δ > −1, and n ≥ 3. Then f ∈ C2 has bounded
gradient ∇f and ∇2f ∈ L2.
Proof. First of all, concerning the regularity of the solution, since Hs+3,δ embeds
in C3, appealing to Proposition 2.5 in [12], we get that the static potential is C2.
Now, consider a point x ∈ M which lies in one of the ends Ei. Let Br0(p) be the
g-geodesic ball of radius r0 around the origin p, with r0 chosen large enough such
that its boundary ∂Br0 lies in the ends ofM , and, furthermore, suppose that x has
been chosen so that it lies outside this geodesic ball. Let γ(t) be a g-minimizing
geodesic joining p and x, parametrized by arc-length, so that γ(r0) ∈ ∂Br0 , and
suppose that γ(T ) = x. Finally, consider f(t)
.
= f(γ(t)), r0 ≤ t ≤ T . Then, since
f is a static potential of g, we have
f ′′(t) = Ricg(γ
′, γ′)f(t) ∀ r0 ≤ t ≤ T(4.26)
Since g−e ∈ Hs+2,δ, then Ricg ∈ Hs,δ+2 ⊂ L2δ+2∩C0, which implies that |Ricg|e =
o(de(x)
−(δ+2+ n2 )) near infinity, in each end. The asymptotic condition on g actually
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gives us that |Ricg|e = o(dg(x)−(δ+2+ n2 )). This implies that, given an arbitrary
ǫ > 0, if t is sufficiently large, then
|Ricg(γ′t, γ′t)|(γt) ≤ ǫdg(γt)−(δ+
n
2+2) ≤ ǫt−2.(4.27)
Now, define α
.
= 12 (1+
√
1 + 4ǫ); a
.
= sup∂Br0 (|f |+ |Df |e) and ω(t)
.
= Atα, with
r0 ≤ t ≤ T , where A is a constant chosen such that Arα0 > a and αArα−10 > a and ǫ
is some positive constant. Then, the function ω(t) satisfies the following properties
ω′′(t) = ǫt−2ω(t), |f(r0)| ≤ ω(r0), |f ′(r0)| ≤ ω′(r0).(4.28)
Suppose that |f(t)| > ω(t) for some r0 ≤ t ≤ T . Then, define t1 .= inf{t ∈
[r0, T ] \ |f(t)| > ω(t)}. We know that t1 satisfies that t1 > r0 and f(t1) = ω(t1).
Using (4.26)-(4.27), we have that
|f ′′(t)| ≤ ǫt−2ω(t) = ω′′(t) ∀ r0 ≤ t ≤ t1.
Now, integrating he above inequality twice and using (4.28), gives |f(t)| ≤ ω for
all r0 ≤ t ≤ t1, which is a contradiction, thus we get that |f(t)| ≤ ω(t) for all
t ∈ [r0, T ]. Thus, since δ > −n2 , we can choose an ǫ > 0 such that α < 1+ 12 (δ+ n2 ),
which implies that
|f(t)| ≤ At1+ 12 (δ+n2 ).
The above inequality together with (4.26)-(4.27), gives that
|f ′′(t)| ≤ Aǫt−(δ+2+n2 )t1+ 12 (δ+n2 ) = Aǫt−(1+ 12 (δ+n2 )) ∀ r0 ≤ t ≤ T.
This implies that there is a constant C1, independent of the point x ∈ Ei\Br0 and
of t, such that
|f ′′(t)| ≤ C1t−(1+ 12 (δ+n2 )) ∀ r0 ≤ t ≤ T.(4.29)
Integrating this inequality between r0 and t, we can show that |f ′(t)| ≤ C2 for some
other constant C2, which shows that for sufficiently large |x| it holds that
|f |(x) ≤ C3|x|.(4.30)
Now, using the equation∇2f = fRicg, we have that |∇2f |e(x) . |x||x|−(δ+2+ n2 ) =
|x|−(1+δ+n2 ) ∈ L2(Rn\B1(0)) for δ > −1, which proves that ∇2f ∈ L2. In order to
prove that ∇f is bounded, define φ .= |∇f |2g, and notice that
|∇φ|2g(x) ≤ 4|∇2f |2gφ
Doing as above, consider φ(t)
.
= φ(γ(t)), and notice that since g is AE, then g and e
define equivalent metrics, that is, for any tangent vector vp to M , there are positive
constants a and b, independent of the point p ∈M , such that a|vp|e ≤ |vp|g ≤ b|v|e.
Thus, the above inequality tells us that |∇φ|2e(x) . |∇2f |2eφ. Then, we have that
|φ′(t)| = |g(∇φγ(t), γ′t)| ≤ |∇φ|g ≤ 2|∇2f |gφ
1
2 . |∇2f |eφ 12 . t−(1+δ+n2 )φ 12 (t),
which, after integration, gives us that
1
δ + n2
(
t−(δ+
n
2 ) − r−(δ+ n2 )0
)
. φ
1
2 (t)− φ 12 (r0) . − 1
δ + n2
(
t−(δ+
n
2 ) − r−(δ+ n2 )0
)
.
Since t > r0 and δ +
n
2 > 0, the above inequality implies that
φ
1
2 (r0)− 1
δ + n2
r
−(δ+ n2 )
0 . φ
1
2 (t) . φ
1
2 (r0) +
1
δ + n2
r
−(δ+ n2 )
0 ∀ t > r0.
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The above relation implies that |∇f |g(x) = φ 12 (x) is bounded.

Theorem 5. Suppose that (Mn, g) is a Hs+3,δ-AE manifold with n ≥ 3, s > n2 and
δ > −1, which admits a non-negative static potential f . Furthermore, suppose that
Ricg ∈ Hs+1,ρ, for some ρ > n2 − 1, and that ∂M = f−1(0) consists of N closed
connected components, labelled by {Σi}Ni=1. Then, it follows that∫
M
f |Ricg|2gµg =
1
2
N∑
i=i
ci
∫
Σi
Rhiµ∂M ,(4.31)
where the constants ci = |∇f |Σi . In particular, if ∂M = ∅, then (Mn, g) is isomet-
ric to (Rn, e), where e is the euclidean metric.
Proof. First, notice that under our hypotheses the above lemma shows thatX = ∇f
satisfies the general hypotheses of Theorem 1 if we pick ρ > n2−1. Also, since a static
AE metric has zero scalar curvature, we get that Ricg ∈ Hs+1,ρ is a conserved (0, 2)-
tensor field. Thus, our choice of ρ > n2 − 1 shows that we are under the hypotheses
of Theorem 1. Then, we can apply (3.1) choosing the vector field X = ∇f so as to
get ∫
M
〈Ricg,∇2f〉µg =
∫
∂M
Ric(∇f, ν)µ∂M .(4.32)
Also, from the static equation, we have that 〈Ricg,∇2f〉 = f |Ricg|2g. Furthermore,
since ∂M = f−1(0), then, we get that ν = − ∇f|∇f | . In addition, the static equation
implies that on ∂M it holds that ∇2f(X,∇f) = 0 for any X tangent to ∂M . Then,
since ∇2f(X,∇f) = 12X(|∇f |2g), we get that |∇f | is constant along each connected
component of ∂M . Thus, we see that
∫
M
f |Ricg|2gµg = −
N∑
i=i
ci
∫
Σi
Ric(ν, ν)µ∂M ,
where the sum is carried along the N connected components {Σi}Ni=1 of ∂M , and
the constants ci = |∇f |Σi . Now, denote by hi the induced Riemannian metric
on Σi. Now, let {Ei, ν}n−1i=1 denote an orthonormal frame of M along Σi, where
{Ei}n−1i=1 gives an orthonormal frame on Σi. Then, we get that for any pair of
tangent vectors X,Y to Σi it holds that
Ricg(X,Y ) =
n−1∑
i=1
g(Rg(X,Ei)Ei, Y ) + g(Rg(X, ν)ν, Y ),
which, from the Gauss equation and the fact that all the components are totally
geodesic, implies that
Rg =
n−1∑
j=1
Ricg(Ej , Ej) + Ricg(ν, ν) =
n−1∑
j=1
n−1∑
i=1
g(Rg(Ej , Ei)Ei, Ej) +
n−1∑
j=1
g(Rg(Ej , ν)ν, Ej)
+ Ricg(ν, ν),
=
n−1∑
j=1
n−1∑
i=1
h(Rhi(Ej , Ei)Ei, Ej) +
n−1∑
j=1
g(Rg(ν, Ej)Ej , ν) + Ricg(ν, ν),
= Rhi + 2Ricg(ν, ν).
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Again, since Rg = 0, we get −Ricg(ν, ν)|Σi = 12Rhi . Thus, going back, this gives
us that ∫
M
f |Ricg|2gµg =
1
2
N∑
i=i
ci
∫
Σi
Rhiµ∂M .(4.33)
From the above equation it is clear that if ∂M = ∅, then Ricg = 0 on M . In
such case, we have already shown this implies that (M, g) has to be isometric to
(Rn, e).

Remark 6. Notice that the two conditions g − e ∈ Hs+3,δ, with δ > −1, and
Ricg ∈ Hs+1,ρ, with ρ > n2 − 1, in dimensions 3 and 4 are actually redundant,
since, from g − e ∈ Hs+3,δ, we get that Ricg ∈ Hs+1,δ+2, with δ + 2 > 1. Thus,
in dimension n = 3, we get n2 − 1 = 12 < δ + 2. Similarly, for n = 4, we get
n
2 − 1 = 1 < δ + 2. Nevertheless, for n ≥ 5 the condition on the Ricci tensor
becomes a necessary additional information.
From the above discussion, we see that the identity (4.33) is presented for n = 3
in [25], and that the same identity holds with the same hypotheses for n = 4.
Nevertheless, for n ≥ 5 the identity extends naturally, although non-trivially.
Now, consider a connected static manifold (Mn, g, f), with n ≥ 3, where g and
Ricg satisfy the hypotheses of the above Lemma, and suppose that ∂M = ∅. Notice
that if f changes sign, then f−1(0) 6= ∅ actually represents the boundary of both
f−1(0,∞) and f−1(−∞, 0), which are two n-dimensional submanifolds of M . We
can then add f−1(0) to any of these submanifolds, generating two manifolds with
boundary, sayM+ andM− respectively. Clearly, (M+, g, f) is a static manifold with
boundary which satisfies all the hypotheses of the above theorem provided suitable
decaying conditions for g. Furthermore, (M−, g,−f) is also a static manifold since
the static equation is linear. Thus, (M−, g,−f) also satisfies all the hypotheses of
the above theorem. Thus, we get the following corollary.
Corollary 7. Let (Mn, g, f) be a connected static manifold, with n ≥ 3, where
g and Ricg satisfy the hypotheses of the above theorem. Moreover, suppose that
f−1(0) 6= ∅ and ∂M = ∅. Then, we have that
N∑
i=i
ci
∫
Γi
Rhiµ∂M ≥ 0,(4.34)
where {Γi}Ni=1 denote the connected components of f−1(0). Furthermore, the equal-
ity holds if and only if (M, g) is isometric to (Rn, e).
Proof. Consider the notation introduced above. Then, under our hypotheses, we
have that both (M+, g, f) and (M−, g,−f) are static manifolds with boundary, for
which the above theorem holds. Then, we get that
N∑
i=i
ci
∫
Γi
Rhiµ∂M = 2
∫
M+
f |Ricg|2gµg ≥ 0,
N∑
i=i
ci
∫
Γi
Rhiµ∂M = −2
∫
M−
f |Ricg|2gµg ≥ 0,
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where, in both cases, the equality holds iff Ricg = 0 on both M+ and M−. That
is, the equality holds iff Ricg = 0 on M . But then, from Theorem 2, we get the
rigidity statement in the equality case. 
From the above corollary, we get the following.
Corollary 8. Under the same hypotheses of the above corollary, if n = 3 and
f−1(0) consists of one connected component, that is N = 1, then f−1(0) is homeo-
morphic to S2. If N ≥ 2, then there must be at least one topological sphere within
the components of f−1(0).
Proof. This is straightforward, since, from (4.34), we get that if N = 1 the total
scalar curvature of ∂M must be positive. Thus, from the Gauss-Bonnet theorem, we
know that the Euler characteristic of ∂M must be positive, thus ∂M is a topological
2-sphere.
On the other hand, in the case N ≥ 2, since the sum of the total scalar curvatures
of the different components has to be positive, then we must have at least one sphere
from the argument given above. 
Remark 7. It is important to stress that the above corollary is very closely related
to well-known results related with the classification of allowable black hole topolo-
gies. Recall that the zero level set of a static potential models the intersection of
the event horizon of a static black hole with a t-constant hypersurface in space-
time. Thus, the characterization given above shows that such slices of the event
horizon of an isolated static black hole have to be a topological 2-spheres. Once this
connection between the two problems is clear, it also becomes clear that the above
corollary is not a new result, but something that can be extracted from more general
statements, such as Hawking’s black hole uniqueness theorem [18], or even more
generally, a recent result by Eichmair, Galloway and Pollack [15]. In fact, these
results are much stronger than the above corollary, since the show that every com-
ponent of ∂M should be a topological 2-sphere and they are not restricted to static
space-times. Nevertheless, we consider that the value of the above corollary relies
on its simplicity, since this result is a straightforward application of the generalized
Pohozaev-Schoen identity, which, in turn, relies only on a conservation identity
derived from a symmetry principle. In contrast, the sharper characterizations pre-
sented in [18] and [15] rely on more delicate techniques. In particular, for instance,
the result presented in [15] relies on the positive resolution of the geometrization
conjecture.
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